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Abstrat
We study a redution proedure for desribing the sympleti groupoid of a Poisson ho-
mogeneous spae obtained by quotient of a oisotropi subgroup. We perform it as a
redution of the Lu-Weinstein sympleti groupoid integrating Poisson Lie groups, that is
suitable even for the non-omplete ase.
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1 Introdution
Sympleti groupoids were introdued by Karasev and Weinstein in the 80's, [9, 22℄ as
a tool to quantize Poisson manifolds. They immediately beame objets of independent
math interests and one of the ornerstones of Poisson geometry. Our knowledge on their
role dramatially improved after the work by Cattaneo-Felder [2℄, interpreting them as the
phase spae of the Poisson sigma model, and Craini-Fernandes [5℄ on the integrability of
algebroids. On the ontrary, quantum aspets were muh less studied: in [29℄ P.Xu and
A.Weinstein dened the right notion of prequantization. Suh a prequantization an be
expliitly onstruted by reduing the prequantization of the phase spae of the Poisson
sigma model, as shown in [1℄. In [24℄ the so-alled nonommutative torus was reovered
by the geometri quantization of the sympleti groupoid integrating the underling sym-
pleti struture. Very reently, a notion of polarization of sympleti groupoids has been
introdued in [8℄. Very roughly, the idea is to assoiate to any Poisson manifold a C∗-
algebra onstruted out of the spae of polarized setions. This idea realizes a fundamental
pattern in nonommutative geometry, where aording to the Gelfand-Naimark theorem
the nonommutative ounterpart of the algebra of ontinuous funtions on a (ompat)
manifold is a C∗-algebra.
During the same years, following the impulse of A. Connes, nonommutative geometry
evolved trying to give an axiomati desription of what a nonommutative manifold should
be. The most studied examples an be olleted in two main lasses: i) the so-alled θ-
manifolds, where the underlying Poisson struture is determined by the ation of an abelian
group, like the elebrated nonommutative torus, and the Connes-Landi 4-sphere, see [3℄
and also [4℄; ii) quantum groups and the assoiated homogeneous spaes. The θ-manifolds
are well studied from many dierent points of view: the sympleti groupoid was desribed
rst in [27℄, their deformation quantization in [19℄ and the polarization of the sympleti
groupoid in [8℄. On the ontrary, for spaes related to quantum groups less is known.
The Poisson Lie groups, that are the semilassial limit of quantum groups, were shown
to be integrable in [14℄. The problem of Poisson redution of the sympleti groupoid
was disussed in [26℄: from these results the integration of Poisson homogeneous spaes
that are quotient by Poisson Lie subgroups an be obtained. With a ompletely dierent
approah, Poisson symmetri spaes (a denition whih does not ontain all ovariant
Poisson strutures on symmetri spaes) were shown to be integrable in [28℄. Nothing is
known onerning the quantization of the sympleti groupoid.
Muh information about quantum aspets omes from quantum group theory, espe-
ially for what onerns the study of C∗-algebras of basi examples of quantum groups
and homogeneous spaes. It is an interesting program to look at these onstrutions from
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the point of view of the quantization of the sympleti groupoid like the one proposed in
[8℄.
When we started this projet, we realized that there was no onstrution of sympleti
groupoids integrating the most important examples of Poisson homogeneous spaes oming
from the semilassial limit of homogeneous spaes of quantum groups, like Podles spheres,
odd spheres, quantum grassmanians. The most relevant properties of the underlying
Poisson strutures is that they an be obtained as quotients by oisotropi subgroups.
The present paper is devoted to this onstrution and must be thought of as preliminary
to the problem of quantization, that we hope to address in the future. While we were
nishing this paper, we were aware of [13℄, where a Poisson groupoid on any Poisson
homogeneous spae is presented. Moreover, onditions for the Poisson struture to be
nondegenerate, so giving a sympleti groupoid, are disussed. The paper [13℄ overs a
large part of our results, that we obtained independently; in partiular in the omplete
ase it gives the sympleti groupoid that we desribe in Theorem 12. Nevertheless, sine
the two approahes are dierent we think that our paper an help to larify some issues.
The dierenes between our paper and [13℄ ome out in the disussion of the nonomplete
ase (i.e. when dressing vetor elds are not omplete). In fat under a weaker hypothesis
about the integrability of dressing vetor elds (that we all relative ompleteness), we
always obtain a sympleti groupoid. In onrete examples we show that the onstrutions
are dierent.
This is the plan of the paper. In setion 2 we reall very basi fats about Poisson
manifolds and sympleti groupoids, mainly to x notations. In setion 3 we reall basi
fats of Poisson Lie groups, following [12℄. In setion 4 we disuss the redution proedure
in terms of a moment map. When the Poisson Lie group is omplete, the redution is a
straightforward analogue of the trivial ase, where the ation given by left multipliation
of the subgroup an be lifted to a hamiltonian ation on T ∗G and the groupoid is obtained
by Marsden-Weinstein redution. Indeed if the Poisson Lie group G is omplete then the
left multipliation an be lifted to the groupoid and this ation is hamiltonian in terms
of Lu's momentum map. In the nonomplete ase, the ation an be lifted only as an
innitesimal ation, and it is better to formulate it in terms of the sympleti ation of
the groupoid integrating the dual Poisson Lie group G∗. Nevertheless, if the subgroup
satises the ondition of relative ompleteness the proedure still works.
3
2 Preliminaries on Poisson manifolds
In this setion we introdue the main denitions onerning the theory of Poisson manifolds
and sympleti groupoids.
A Poisson manifold P is a smooth manifold provided with a bivetor πP ∈ Γ(Λ
2TP )
satisfying [πP , πP ]S = 0, where [, ]S is the Shouten braket between multivetor elds. The
artesian produt P = M×N of two Poisson manifolds is a Poisson manifold with Poisson




as 〈π♯P (ωp), νp〉 = 〈πP (p), νp ∧ ωp〉, for p ∈ P , ωp, νp ∈ T
∗
pP . A submanifold C of P is
a oisotropi submanifold if π♯P (N
∗C) ⊂ TC, where N∗C is the onormal bundle of C,
N∗xC = {ω ∈ T
∗
xP : 〈ω, V 〉 = 0, ∀ V ∈ TxC}, for all x ∈ C. The generalized distribution
dened by π♯P (N
∗C) is integrable and the spae C of oisotropi leaves, if smooth, is a
Poisson manifold. A submanifold C is a Poisson submanifold if πP (c) ∈ Λ
2TcC; it is
oisotropi and the oisotropi foliation is trivial. A smooth map Ψ : M → N between
two Poisson manifolds is a Poisson map if the Poisson tensors are Ψ-related. In [23℄ it
is proven that if Ψ : M → N is a Poisson map and ON ⊂ N is a sympleti leaf then
Ψ−1(ON) ⊂M , whenever is a submanifold, is oisotropi.
Let G = (G,G0, αG, βG , mG , ιG , ǫG) be a Lie groupoid over the spae of unities G0, where
αG , βG : G → G0 are the soure and target maps, respetively, mG : G
(2) → G is the
multipliation, ιG : G → G
−1
is the inversion and ǫG : G0 → G is the embedding of unities.
Our onventions are that (x1, x2) ∈ G
(2)
if βG(x1) = αG(x2). We say that G is soure
simply onneted (ss) if α−1G (m) is onneted and simply onneted for any m ∈ G0.
A sympleti groupoid is a Lie groupoid, whih is equipped with a sympleti form,
suh that the graph of the multipliation is a lagrangian submanifold of G ×G × G¯, where
G¯ means G with the opposite sympleti struture. There exists a unique Poisson struture
on G0 suh that αG and βG are Poisson and anti-Poisson mappings, respetively. A Poisson
manifold is said to be integrable if it is the spae of units of a sympleti groupoid.
An equivalent haraterization for a Lie groupoid G to be a sympleti groupoid is that
the sympleti form ω of G be multipliative, i.e. let prG1, prG2 : G
(2) → G be respetively
the projetions onto the rst and seond fator, then m∗Gω = prG1
∗ω + prG2
∗ω.
Following [18℄, we dene the left ation of G on a manifold P with anhor J : P → G0 a
mapping from GβG ×J P = {(x, p) ∈ G×P | βG(x) = J(p)} to P , given by (x, p)→ xp suh
that i) J(xp) = αG(x), ii) (xy)p = x(yp), iii) ǫ(J(p))p = p. In the ase of P sympleti,
the ation of G is alled sympleti if the graph of the ation {(x, p, xp), βG(x) = J(p)} is
lagrangian in G×P × P¯ . In [18℄ it is shown that J : P → G0 is a Poisson map. Sympleti
redution is dened as follows. The isotropy group Gmm = α
−1
G (m) ∩ β
−1
G (m) of m ∈ G0
leaves invariant J−1(m) and Gmm\J
−1(m), whenever a manifold, is sympleti.
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3 The sympleti groupoid of a Poisson Lie group
In this setion we reall basi results of the theory of Poisson Lie groups, and of the
sympleti groupoid integrating them. The presentation follows [12℄.
A Poisson Lie group G is a Poisson manifold and a Lie group whose multipliation
map G × G → G is a Poisson map, where G × G is endowed with the produt Poisson
struture. In terms of the Poisson bivetor eld πG, it means that
πG(gh) = lgπG(h) + rhπG(g), ∀g, h ∈ G , (1)
where lg (rg) stands for the left (right) group multipliation by g, as well as for the indued
tangent map. A multivetor eld satisfying (1) is said to be multipliative.
A left ation σ : G × P → P of a Poisson Lie Group G on a Poisson manifold P is
alled a Poisson ation if σ is a Poisson map, where G× P is endowed with the produt
Poisson struture. In terms of the Poisson bivetors πG of G and πP of P , σ is a Poisson
ation if, for any g ∈ G and p ∈ P , we have that
πP (σ(g, p)) = g∗πP (p) + p∗πG(g) ,
where g : P → P , g(p) = σ(g, p) and p : G→ P , p(g) = σ(g, p).
A Lie bialgebra is the ouple (g, g⋆), where g = LieG and its dual g⋆ is a Lie algebra
with braket map [ , ]g⋆ suh that δ = [, ]
∗
g⋆
: g → Λ2g is a 1-oyle on g relative to the
adjoint representation of g on ∧2g.
Let us assume that the group G is onneted and simply onneted.
Theorem 1. There is a one to one orrespondene between onneted and simply onneted
Poisson Lie groups and Lie bialgebras.
Denition 2. The double Lie algebra d = g ⊲⊳ g⋆ of the Lie bialgebra (g, g⋆) is dened
as the vetor spae g⊕ g⋆ endowed with the unique Lie braket struture suh that
ı) it restrits to the given Lie brakets on g and g⋆;
ıı) the symmetri and non-degenerate salar produt on g⊕ g⋆ dened by
〈X + ξ, Y + η〉 = ξ(Y ) + η(X), ∀X, Y ∈ g, ∀ξ, η ∈ g⋆
is invariant.
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In partiular the braket is dened for any X, Y ∈ g and ξ, η ∈ g⋆ as
[X + ξ, Y + η] = [X, Y ]− ad∗η(X) + ad
∗




Y (ξ) . (2)
It an be shown that d = g⊕ g⋆ equipped with the braket (2) is a Lie algebra if and
only if (g, g⋆) is a Lie bialgebra. As a onsequene we have that if (g, g⋆) is a Lie bialgebra,
then so is (g⋆, g). In partiular the onneted and simply onneted group G∗ integrating
g⋆ is a Poisson-Lie group. We all it the dual Poisson Lie group of (G, πG).
The double Lie group D is dened as the onneted and simply-onneted Lie group
with Lie algebra d. Let φ1 : G → D and φ2 : G
∗ → D be the Lie group homomorphisms
obtained by respetively integrating the inlusion maps g →֒ d and g⋆ →֒ d. In the
following we denote φ1(g) = g and φ2(γ) = γ.
The following formulas, proved in [12℄, desribe the Poisson tensor of G and G∗ in
terms of the group struture of D, making expliit the orrespondene desribed in the
integration Theorem 1. Indeed, let pg : d→ g, pg⋆ : d→ g
⋆
be the natural projetions; for
any g ∈ G, γ ∈ G∗, Xi ∈ g and ξi ∈ g
⋆
we have that
〈rg−1πG(g), ξ1 ∧ ξ2〉 = −〈pgAdg−1ξ1, pg⋆Adg−1ξ2〉 g ∈ G, ξi ∈ g
⋆ ,
〈rγ−1πG∗(γ), X1 ∧X2〉 = 〈pgAdγ−1X1, pg⋆Adγ−1X2〉 γ ∈ G
∗, Xi ∈ g , (3)
where Ad is the adjoint ation of D.




(rdπ0 + ldπ0), d ∈ D,
where π0 ∈ d∧d is dened by π0(ξ1+X1, ξ2+X2) = 〈X1, ξ2〉−〈X2, ξ1〉, for ξ1+X1, ξ2+X2 ∈
d∗ ∼= g⋆ ⊕ g. If d ∈ D an be fatorized as d = gγ for some g ∈ G and γ ∈ G∗, then an
expliit formula for π+ is given by
〈(lg−1rγ−1)π+(d), (ξ1 +X1) ∧ (ξ2 +X2)〉 = (4)
= 〈X1, ξ2〉 − 〈X2, ξ1〉+ 〈lg−1πG(g), ξ1 ∧ ξ2〉+ 〈rγ−1πG∗(γ), X1 ∧X2〉 =
= 〈X1, ξ2 + Adγpg⋆Adγ−1X2〉 − 〈ξ1, X2 + Adg−1pgAdgξ2〉 .
It an be proved that π+(gγ) is nondegenerate.
If φ1 × φ2 is a global dieomorphism, then we an identify D with G × G
∗
and π+
denes a sympleti struture on the double. Moreover the global deomposition of D
denes a left ation of G on G∗ and a right ation of G∗ on G. Let g ∈ G and γ ∈ G∗
and let gγ = gγ gγ, where we identify g with g and γ with γ. It is immediate to verify
that (g, γ) → gγ is a left ation of G on G∗ and (g, γ) → gγ is right ation of G∗ on G.
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These are known as dressing ations. It an be easily veried that for any g, gi ∈ G and












Suh intertwining property between the two ations denes what is alled a mathed pair
of Lie groups [17, 15℄; we will ome bak to this notion in Setion 4.3.
Lemma 3. The fundamental vetor elds assoiated to the left dressing ation of G on





γ−1X) , ∀γ ∈ G





g−1ξ) , ∀g ∈ G, ξ ∈ g
⋆ .
Proof. A diret omputation gives the following expressions for the fundamental vetor
elds assoiated with the left dressing ation of G on G∗ and with the right dressing ation
of G∗ on G:




, ∀γ ∈ G∗, X ∈ g;
Sξ(g) = rg pg (Adgξ) , ∀g ∈ G, ξ ∈ g
⋆.
We have to prove that the pointwise pairing of these vetor elds with generi 1-forms
oinide. Then, given X, Y ∈ g,γ ∈ G∗,
〈SX(γ), r
∗









,Ad∗γ−1Y 〉 = 〈pg⋆Adγ−1X, pgAdγ−1Y 〉
= 〈πG∗(γ), r
∗







The proof for Sξ(g) is similar.
The vetor elds (6) are alled dressing vetor elds; their denition depends only
on the innitesimal Lie bialgebra. Therefore they are dened even when φ1 × φ2 is not
a dieomorphism (and more generally even if φ1, φ2 does not exist). We saw that if
D = G× G∗, then the dressing vetor elds are omplete. In [12℄, Lu has proved that i)
the dressing vetor elds of G are omplete if and only if those of G∗ are omplete; ii)
D = G×G∗ if and only if the dressing vetor elds are omplete.
Integrability of Poisson Lie groups has been shown in [14℄. Let us onsider the sub-
manifold of G×G∗ ×G∗ ×G of dimension 2 dimG dened by
Ω = {(g1, γ1, γ2, g2) ∈ G×G
∗ ×G∗ ×G, g1γ1 = γ2g2 ∈ D} . (7)
The loal dieomorphism Φ : Ω → D, dened as Φ(g1, γ1, γ2, g2) = g1γ1, indues a
nondegenerate Poisson struture on Ω, that we still denote with π+.
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Proposition 4. Let G be a onneted and simply onneted Poisson Lie group and let G∗
be the dual Poisson Lie group. Consider the groupoid G(G) = (Ω, αG, βG, mG, ǫG, iG) over
G with struture maps:
i) α
G
(g1, γ1, γ2, g2) = g1;
ii) β
G
(g1, γ1, γ2, g2) = g2;
iii) ǫ
G
(g) = (g, e, e, g);
iv) m
G
[(g1, γ1, γ2, g2)(g2, λ1, λ2, k2)] = (g1, γ1λ1, γ2λ2, k2);
v) ι
G





Then G(G) equipped with π−1+ is a sympleti groupoid integrating (G, πG).






∗(g1, γ1, γ2, g2) = γ2;
ii) β
G
∗(g1, γ1, γ2, g2) = γ1;
iii) ǫ
G
∗(γ) = (e, γ, γ, e);
iv) m
G
∗ [(g1, γ1, γ2, g2)(k1, λ1, γ1, k2)] = (g1k1, λ1, γ2, g2k2);
v) ι
G
∗(g1, γ1, γ2, g2) = (g
−1
1 , γ2, γ1, g
−1
2 ).




If G and G∗ are omplete, then Ω = G × G∗ globally and the above desription an
be given in terms of the dressing transformations. In partiular the groupoid strutures
for G(G) read as α
G
(gγ) = g, β
G




1 γ2)] = (g1γ1γ2), ǫG(g) = (ge),
ι
G
(gγ) = gγγ−1. For G(G∗) we have α
G
∗(gγ) = gγ, β
G




(g1g2γ2), ǫG∗(γ) = (eγ), ιG∗(gγ) = g
−1gγ.
3.1 The non simply onneted ase
Let us remove in this subsetion the hypothesis that G is simply onneted. The above
onstrution of the sympleti groupoid annot be repeated sine now φ1 : G˜→ D, where
G˜ is the universal overing of G. Let Z ⊂ G˜ be the disrete entral subgroup suh that
G = G˜/Z. There exists on G˜ a unique multipliative Poisson struture πG˜ suh that the
quotient G˜ → G is a Poisson map and πG˜(z) = 0 for any z ∈ Z. As a onsequene the
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multipliation by z on G˜ is a Poisson dieomorphism; moreover by looking at (3) we see
that sine πG˜(z) = 0 we have Adzξ = Ad
∗
zξ, for any ξ ∈ g
∗
, and Ad∗zξ = ξ sine Z is
entral. So we an onlude that φ1(z) = z ommutes with γ for any γ ∈ G
∗
and that
Z ats as a sympleti groupoid morphism on the sympleti groupoid G(G˜) dened in
Proposition 4 as z(g˜1, γ1, γ2, g˜2) = (zg˜1, γ1, γ2, zg˜2).
Proposition 5. For any Poisson Lie group G = G˜/Z, G(G) = G(G˜)/Z arries the
struture of a sympleti groupoid integrating it.
In the following we will denote the equivalene lasses as [g˜1, γ1, γ2, g˜2] ∈ G(G). Remark
that it an happen that φ1 : G˜ → D satises φ1(Z) = 1 so that it desends to G. In this
ase it is possible to dene a groupoid as in Proposition 4, even without assuming that
G is simply onneted. It is easily observed that suh groupoid is a quotient by Z of the
groupoid dened in Proposition 5.
As a simple onsequene of Proposition 4, we have the following orollary.
Corollary 6. The sympleti groupoid G(G∗) ats simpletially on G(G) with anhor J :




G(G)→ G(G) is given by
a{(k˜1, λ1, λ2, k˜2)[g˜1, γ1, λ1, g˜2]} = [k˜1g˜1, γ1, λ2, k˜2g˜2] .
Proof. Simply observe that the graph of the ation a is the quotient under the ation of
Z of the graph of the multipliation of G(G∗).
In partiular we have that J : (G(G), π+)→ (G
∗, π
G
∗) is an anti-Poisson map.
4 The sympleti groupoid of a homogeneous spae
In this setion we disuss the integration of Poisson homogeneous spaes of the Poisson
Lie group G.
Let us start with the simplest ase of a Lie group G with the zero Poisson struture
πG = 0. Its sympleti groupoid G(G) = G × g
⋆
is identied with the otangent bundle
after trivializing via left translations. The left multipliation of G on itself admits a
otangent lift k(g, ξ) = (kg, ξ) for k, g ∈ G and ξ ∈ g⋆; this lifted ation is hamiltonian with
momentummap J(g, ξ) = Ad∗g(ξ). Let nowH be any losed subgroup ofG with Lie algebra
h. The restrition to H of the lifted ation is again obviously hamiltonian with momentum
map J
H
= prH ◦ J , where prH : g
⋆ → g⋆/h⊥ and h⊥ = {ξ ∈ g⋆ : 〈ξ,X〉 = 0, ∀X ∈ h}.
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The sympleti groupoid of the quotient is just the MarsdenWeinstein redution of this
hamiltonian ation: T ∗(H\G) = H\J
H
−1(0).
We are going to see how this generalizes to a generi Poisson Lie group. We know that
any ation by Poisson dieomorphism on an integrable Poisson manifold an be lifted to a
hamiltonian ation on the (ss) sympleti groupoid with a multipliative momentummap,
see [18, 7℄. This onstrution applies only to the ase H being a Poisson subgroup with
zero Poisson struture; it is lear that in the general ase one has to onsider generalized
notions of hamiltonian ations and even in the generalized setting we will onsider, the
lifting property will not be automati.
4.1 Embeddable homogeneous spaes
Let us reall some basi fats about oisotropi subgroups and their role in the quotient of
Poisson manifolds. Let H be a oisotropi onneted losed subgroup of the Poisson Lie
group G and h = Lie H . At the innitesimal level, oisotropi subgroups are haraterized
by the following Proposition, whose proof an be found in [20℄.
Proposition 7. A subgroup H is oisotropi if and only if h⊥ ⊂ g⋆ is a subalgebra of g⋆,
where h⊥ = {ξ ∈ g⋆ : 〈ξ,X〉 = 0, ∀X ∈ h}.
Assumption: Let h⊥ be integrated by a losed subgroup H⊥ ⊂ G∗.
As a onsequene of Proposition 7, H⊥ results oisotropi as well. The following
property of oisotropi subgroups will be relevant in what follows.
Lemma 8. Given a oisotropi subgroup H ⊂ G, then the restrition of the (innitesimal)
dressing ations of G on G∗ to H leaves H⊥ invariant and its orbits are the oisotropi
leaves. Moreover, when H is a Poisson subgroup, then the dressing ation of H⊥ on H is
trivial.








h. Then the dressing vetor elds SX(γ) = π
♯
G
∗(r∗γ−1X) orresponding to X ∈ h
(see Lemma 3) span the oisotropi distribution and, in partiular, are tangent to H⊥.
Analogously for the right dressing ation. To prove the last statement, let us reall that
the oisotropi foliation of a Poisson submanifold is null.
Corollary 9. If H is a Poisson subgroup, then H ats on H⊥ by automorphisms.
Proof. Let us prove it in the omplete ase. Let h ∈ H , γi ∈ H
⊥
. By the properties




γ1 = h by means of Lemma 8, then
h(γ1γ2) =
hγ1
hγ2. In the general ase, innitesimal ation by automorphisms means that
the dressing vetor elds of H on H⊥ are multipliative.
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Let us denote with H˜ , G˜ the universal overs of H and G respetively and let φH˜ :
H˜ → G˜ the group homomorphism integrating the inlusion h→ g. Then let us dene
Ω(H˜,H⊥) = {(φH˜(h˜1), γ1, γ2, φH˜(h˜2)) ∈ G(G˜), h˜i ∈ H˜, γi ∈ H
⊥} ⊂ Ω . (8)
It is lear that Ω(H˜,H⊥) denes a subgroupoid G(G˜, φH˜(H˜)) over φH˜(H˜) of G(G˜) and a
subgroupoid G(G∗, H⊥) over H⊥ of G(G∗). They respetively integrate the subalgebroids
N∗φH˜(H˜) ⊂ T
∗G˜ and N∗H⊥ ⊂ T ∗G∗.
The following theorem establishes the role of oisotropi subgroups in the quotient of
Poisson manifolds (the proof an be found in [12℄).
Theorem 10. Let σ : K × P → P be a Poisson ation of the Poisson Lie group K over
the Poisson manifold P and let B ⊂ K be a oisotropi subgroup of K. If the orbit spae
B\P is a smooth manifold, then there is a unique Poisson struture on B\P suh that the
natural projetion map P → B\P is Poisson.
Let H be a oisotropi subgroup of the Poisson Lie group G; if we apply this result
to P = K = G, B = H and to P = K = G∗, B = H⊥ we onlude that both H\G
and G∗/H⊥ are Poisson manifolds. Borrowing the terminology from quantum groups we
all them embeddable Poisson homogeneous spaes, sine H-invariant funtions on G are a
Poisson subalgebra of C∞(G). Let pH : G→ H\G and pH⊥ : G
∗ → G∗/H⊥ the projetion
maps and let us denote pH(g) = g and pH⊥(γ) = γ. Embeddable Poisson homogeneous
spaes ome with a distint point, the image e of the identity e, where the oindued
Poisson struture vanishes. Indeed, they an be haraterized as those having at least one
point where the Poisson struture vanishes, or equivalently the stability group of suh a
point is oisotropi.
4.2 The omplete and simply onneted ase
Let us assume that G is simply onneted and omplete. Let us review the onept of
sympleti redution via Lu's momentum map.
Denition 11. A C∞ map J : P → G∗ is alled a momentum mapping for the left





(J∗(Xr)), ∀X ∈ g.
where for eah X ∈ g, Xr is the right invariant 1-form on G∗ with value X at e, and σ
X
is the fundamental vetor eld assoiated to X by the ation σ. The momentum mapping
J is said to be equivariant if J(σ(g, p)) = g(J(p)), for any g ∈ G and p ∈ P .
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Remark that this denition is slightly dierent from the one given in [12℄. If P is
sympleti, a Poisson ation σ admits a momentum mapping J if and only if there exists
a sympleti ation of the sympleti groupoid G(G∗) on P with anhor J : the orre-
spondene is given by σ(g, p) = (gJ(p))p, for g ∈ G, p ∈ P , see [25℄. Remark that this
orrespondene demands G to be omplete. By applying this result to P = G(G) we
get that the left G-ation on G(G) given by σ(g, (kγ)) = gkγ is Poisson and admits an
equivariant momentum mapping J(gγ) = gγ. Moreover it is multipliative, i.e. if (g1γ1)
and (g2γ2) are omposable then J((g1γ1)(g2γ2)) = J(g1γ1)J(g2γ2). More onretely, for
any X ∈ g, the fundamental vetor eld of the left G-ation is σX(gγ) = r(gγ)−1∗X and
the right invariant form Xrγ = r
∗
γ−1
X . We have that, for any gγ ∈ G(G),
σX(gγ) = −π
♯
+ ◦ [TgγJ ]
∗(XrJ(gγ)) . (9)
Let us introdue the map
J
H
= pH⊥ ◦ J, JH(gγ) =
gγ. (10)
Being a omposition of Poisson submersions, J
H
is a Poisson submersion too. In the speial
ase in whih H is a Poisson Lie subgroup, H⊥ is a normal subgroup and G∗/H⊥ ≡ H∗
is a Poisson Lie group with Lie algebra h⋆ = g⋆/h⊥. By using (5) it an be easily shown
that the dressing ation of H desends to G∗/H⊥, hpH⊥(γ) ≡ pH⊥(
hγ), for any h ∈ H and
γ ∈ G∗. Then J
H
is an equivariant and multipliative momentum mapping for the left
multipliation by H . In the general oisotropi ase, G∗/H⊥ is only a Poisson manifold
and J
H
must be thought as a momentum mapping in a generalized sense, see Corollary 13
at the end of this subsetion.
Let us onsider J
H
−1(e) = {gγ ∈ G×G∗ : gγ ∈ H⊥}, that is a submanifold sine J
H
is
a submersion. Sine {e} is a zero dimensional leaf of G∗/H⊥ then J
H
−1(e) is oisotropi
in G×G∗. Let us show that the left multipliation by H leaves J
H
−1(e) invariant: Lemma
8 implies that, if gγ ∈ J−1
H
(e), that is if gγ ∈ H⊥, then hgγ ≡ h(gγ) ∈ h(H⊥) = H⊥, and
then hgγ ∈ J−1
H
(e). The left H ation is proper and free so that the orbit spae is smooth.
Theorem 12. G(H\G) = H\J
H
−1(e) is a sympleti groupoid that integrates H\G.
Proof. Sine J−1
H
(e) is a oisotropi submanifold of G(G), it admits a sympleti redution
and let ωH+ the indued sympleti struture. Let us show that this redution oinides
with the quotient by the left H ation. Formula 9 implies that the fundamental vetor









, ∀X ∈ h, (11)
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where we reall that J : G(G) → G∗ : gγ 7→ gγ is the momentum mapping. On the other









, ∀gγ ∈ J−1
H
(e).






∗ = {[TgγJ ]
∗ ◦ [TJ(gγ)p
H
⊥]∗X, ∀X ∈ h}
= {[TgγJ ]
∗ ◦ r∗J(gγ)−1X, ∀X ∈ h},
sine pH⊥ ◦rJ(gγ)−1 = pH⊥ and [TepH⊥]
∗ : T ∗e (G
∗/H⊥) ≡ h→ T ∗eG
∗ ≡ g is just the inlusion
map.
Let us show that J−1
H




that g2 = g
γ1
1 . Then m(g1γ1, g2γ2) = g1γ1γ2 ∈ J
−1
H












by denition. The quotient H\J
H
−1(e) inherits the struture
of groupoid. In fat the left H ation on J
H





−1(e) and RH ⊂ G × G, respetively; one an show that (SH , RH) is a
smooth ongruene on J
H
−1(e), aording to Denition 2.4.5 of [16℄, that indues a unique
Lie groupoid struture on the quotient. We will follow a more diret way, by expliitly
dening this groupoid struture. Let us denote with g ∈ H\G the equivalene lass of
g ∈ G and with gγ the equivalene lass of gγ ∈ J
H











(gγ) = gγ ;
one must hek that the denition of βH
G
is orret; indeed βH
G
(hgγ) = (hg)γ = h
gγ gγ = gγ
sine
gγ ∈ H⊥. Given giγi ∈ H\JH
−1(e), i = 1, 2, suh as αH
G








(g1γ1, g2γ2) = g1γ1γ2. Then α
H
G









g2γ2 gγ22 = β
H
G
(g2γ2), where h ∈ H is suh that hg2 = g
γ1
1 , whih





Finally, let us show that the redued sympleti form ωH+ is multipliative. First, we
observe that the restrition of ω+ = π
−1
+ to JH
−1(e) is multipliative, making it a presym-
pleti groupoid. Then we observe that the quotient map pH
(1) : J
H
−1(e) → G(H\G) in-
dues a submersion pH
(2) : J
H
−1(e)(2) → G(H\G)(2), so that any element in Λ2TG(H\G)(2)
an be written as pH
(2)
∗ V for V ∈ Λ2TJ
H









∗ V 〉 = 〈(m
∗ − pr1
∗ − pr2
∗)ω+, V 〉 = 0 .
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One an think of this redution as a redution of a sympleti groupoid ation. Let
G(G∗/H⊥) the sympleti groupoid integrating G∗/H⊥ obtained by the right ounter-
part of the above proedure. In total analogy with the above onstrution we have that
G(G∗/H⊥) = {gγ ∈ G∗ × G∗/H⊥, gγ ∈ H}. The groupoid strutures are αH
⊥
G




∗ (gγ) = γ, mH
⊥
G
∗ [(g1γ1)(g2γ2)] = g1g2γ2 for γ1 =
g2γ2, et... It is also lear that the
isotropy group of e is G(G∗/H⊥)ee = H . One an easily hek that JH : G(G)→ G
∗/H⊥ is
the anhor for the sympleti ation of G(G∗/H⊥) on G(G) given by (kλ)(gγ) = kgγ.
Corollary 13. G(H\G) = G(G∗/H⊥)ee\JH
−1(e) .
4.3 The general ase
If G is neither omplete nor simply onneted, we have to use the general form of G(G)
given in Proposition 5. Most of the onstrution of the omplete and simply onneted
ase an be generalized in a straightforward way, apart from few ruial fats. Instead of
Lu's momentum map, we have to think of G(G) as a hamiltonian G(G∗) spae, as desribed
in Corollary 6. In partiular, the map J
H
dened as in (10) is still a Poisson submersion
and J
H
−1(e) is a oisotropi submanifold of G(G). The oisotropi redution is therefore
well dened. First of all, are has to be taken about smoothness of this quotient. In fat,
in the general ase the G(G∗)-ation of Corollary 6 does not dene a left G-ation, due
to non ompleteness of dressing vetor elds. In partiular, formula (11) still denes an
innitesimal ation of h, spanning the oisotropi distribution, that annot in general be
integrated to a group ation of H .
We rst remark that it an be integrated to a groupoid ation. In fat the restrition of
the groupoid ation a : G(G∗)β
G
∗×JG(G)→ G(G) dened in Corollary 6 to the subgroupoid
G(G∗, H⊥) dened in (8) leaves J
H
−1(e) invariant, i.e. we have a left groupoid ation





−1(e) with anhor J : J
H
−1(e) → H⊥. Furthermore,
its innitesimal ation is the restrition of the algebroid ation of T ∗G∗ on G(G), and by
repeating the argument in the proof of Theorem 12, spans the oisotropi distribution of
J
H
−1(e). The oisotropi quotient an be obtained as G(G∗, H⊥)\J
H
−1(e), the orbit spae
of the groupoid ation of G(G∗, H⊥). Although J
H
−1(e) is still a subgroupoid of G(G), it
is not obvious a priori that this groupoid ation denes a smooth ongruene in J
H
−1(e)
and so a groupoid struture on the quotient.
In order to overome these problems, we introdue a weaker notion of ompleteness of
dressing vetor elds reduing the problem to a quotient by an ordinary free and proper
group ation. We say that two Lie algebras (g1, g2) are a mathed pair of Lie algebras if
there exists a third Lie algebra g1 ⊲⊳ g2, alled the double Lie algebra, isomorphi to g1⊕g2
as vetor spae and ontaining g1 and g2 as Lie subalgebras. It omes out that a and b
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dened by [X, ξ] = bξ(X) ⊕ aX(ξ) for X ∈ g1, ξ ∈ g2, dene ompatible ations of the
two Lie algebras on eah other. Aordingly, we say that two Lie groups G1 and G2 form
a mathed pair of Lie groups if there exists a third Lie group G1 ⊲⊳ G2, alled the double
Lie group, dieomorphi to G1 × G2 and ontaining G1 and G2 as losed Lie subgroups.
It omes out that G1 and G2 at on eah other with ations satisfying ompatibility
onditions analogue to (5); vieversa, given suh ompatible ations then there exists a
unique double Lie group (see [17℄, [15℄).
It is lear that the ouples (g, g⋆) and (h, h⊥) form mathed pairs of Lie algebras with
the oadjoint ations as ompatible ations. We say that (H,H⊥) are relatively omplete
if the innitesimal ations of h on H⊥ and of h⊥ on H via the dressing vetor elds an be
integrated in suh a way that (H,H⊥) forms a mathed pair of Lie groups, or equivalently
that the nite ations of H and H⊥ satisfy relations (5). We need the following Lemma
onerning the universal over of H , in order to inlude the ase when G is not simply
onneted.
Lemma 14. i) If (H,H⊥) forms a mathed pair of Lie groups then also (H˜,H⊥) forms
a mathed pair, where H˜ is the universal over of H = H˜/ZH.
ii) The enter ZH ⊂ H˜ ats trivially on H
⊥
and is a xed point set of the dressing
ation of H⊥.
iii) The quotient map H˜ → H intertwines the H⊥ ation, i.e. h˜γ → hγ for any lift h˜ of
h ∈ H and γ ∈ H⊥.
Proof. Let us prove point i). Any h˜ ∈ H˜ an be seen as the equivalene lass [h] of a
path h : [0, 1] → H , with h(0) = e, with respet to homotopies preserving end points.
Sine H⊥ is onneted and its ation on H preserves the identity, for any γ ∈ H⊥ and
[h] ∈ H˜, dene the ation of H⊥ on H˜ as [h]γ = [hγ ], where hγ(t) = h(t)γ , and the ation
of H˜ on H⊥ as [h]γ = h(1)γ. It is immediate to hek that they are well dened and that
[h](γ1γ2) =
[h]γ1




we have to prove
that the paths t → h1(t)
h2(t)γ
and t → h1(t)
h2(1)γ
are homotopi. This an be shown by
using the homotopy F (s, t) = h1(t)
h2(t+s(1−t))γ
.
In order to get point ii), we observe that ZH = π1(H) is realized as homotopy lasses
of loops and its ation on H⊥ is trivial; the ation of H⊥ on ZH is trivial sine H
⊥
is
onneted to the identity so that any loop z is homotopi to zγ . Finally, point iii) an be
diretly veried one one realizes that the quotient H˜ → H is realized as [h]→ h(1).
Let H˜ ⊲⊳ H⊥ be the double Lie group with the produt rule given by h˜γ = h˜γh˜γ , for
h˜ ∈ H˜ and γ ∈ H⊥.
15






−1(e) is equivalent to a free and proper ation of H and H\J
H
−1(e) is
a sympleti groupoid that integrates H\G.
Proof. Let G˜ be the universal overing of G so that G = G˜/Z and let G(G) = Z\G(G˜) be
as desribed in Proposition 5. Let us reall that φ1 : G˜→ D and φ2 : G
∗ → D are the Lie
group homomorphisms entering the denition of G(G˜).
We have that [g˜1, γ1, γ2, g˜2] ∈ JH
−1(e) if γ2 ∈ H
⊥
. Let φH˜ : H˜ → G˜ be the Lie
group homomorphism indued by the injetion h → g. Then we have that φH˜(ZH) ⊂ Z.
Moreover, due to the uniqueness of the group homomorphism integrating any Lie algebra
morphism, we an onlude that ψ : H˜ ⊲⊳ H⊥ → D dened as ψ(h˜γ) = φ1(φH˜(h˜))φ2(γ),
for h˜ ∈ H˜ and γ ∈ H⊥, is a group homomorphism. For any h˜ ∈ H˜ , λ ∈ H⊥ we have that
(φH˜(h˜), λ,
h˜λ, φH˜(h˜
λ)) ∈ G(G∗, H⊥). In fat, by using the denition above of ψ we have
φ1(φH˜(h˜))φ2(λ) = ψ(h˜λ) = ψ(




So we an dene the left H-ation on J
H
−1(e) by hoosing any lift h˜ of h ∈ H and
letting
h[g˜1, γ1, γ2, g˜2] = a{(φH˜(h˜), γ2,
h˜γ2, φH˜(h˜
γ
2))[g˜1, γ1, γ2, g˜2]} = [φH˜(h˜)g˜1, γ1,
hγ2, φH˜(h˜
γ2)g˜2] .
The independene on the hoie of the lift h˜ is lear sine (h˜z)γ = h˜γz for any z ∈ ZH
due to point ii) in Lemma 14.
Under this ondition, the oisotropi redution is obtained as a quotient of the free
and proper ation of H and so it is a smooth manifold. Moreover, groupoid strutures
desend to the quotient, as it an be diretly veried and everything goes through like in
the proof of Theorem 12.
In the following we analyze some obvious onditions that imply relative ompleteness.
Lemma 16. If H⊥ is simply onneted and H is a Poisson-Lie subgroup, then (H,H⊥)
are relatively omplete.
Proof. Due to Lemma 8, the dressing vetor elds of H⊥ restrited to H are zero and
the ation of H⊥ is trivially integrated. Sine the hypothesis ii) of Lemma 4.1 in [17℄ is
obviously satised and H⊥ is simply onneted, we get the result.
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4.4 An Example: G = SU(1, 1), H = U(1).
Let us onsider the following double Lie algebra d = sℓ(2,C) with pairing 〈A,B〉 =
ImTr(AB) and





, a ∈ R, b ∈ C
}
,














, |α|2 − |β|2 = 1
}
is embedded in D = SL(2,C), formulas (3) dene a multipliative Poisson struture on
SU(1, 1), even if it is not simply onneted. The simply onneted dual group is





, A > 0, N ∈ C
}
.
Let us hoose as subgroup H ⊂ G the diagonal U(1), whih is a Poisson-Lie subgroup;






, N ∈ C
}
.
The quotient U(1)\SU(1, 1) is homeomorphi to the open disk and its quantization has
been studied in [11℄.
Dressing transformations are not omplete. An easy way of looking at it is the following.
Let g ∈ SU(1, 1) and ξ ∈ g⋆: the ux gt of the dressing vetor eld orresponding to ξ is
given loally by the solution of g exp tξ = γtgt with γt ∈ G
∗


















admits in general solutions only for t < t0 (for instane take α, β ∈ R with β 6= 0). In

















so that (H,H⊥) are relatively omplete. Then Theorem 15 produes a sympleti groupoid
for the quotient Poisson struture on the dis. A subfamily of the whole family of ovariant
Poisson diss given in [10℄ an be desribed in a similar manner.
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4.5 Comparison with the onstrution in [13℄
In [13℄ the most general Poisson homogeneous spaes of Poisson Lie groups are onsidered.
Drinfeld in [6℄ showed that Poisson strutures on H\G, suh that the right G ation
is Poisson, are naturally assoiated to lagrangian subalgebras l ⊂ d. The ase of H
oisotropi, onsidered in this paper, orresponds to l = h⊕ h⊥. Let us assume that i) G
is a losed subgroup of any D integrating d (even not simply onneted); ii) H = LH ∩G,
where LH is the onneted subgroup of D integrating l; iii) the innitesimal ation of
l on G is integrated to a nite ation of LH . Then a Poisson groupoid for any Poisson
homogeneous spae, even non embeddable, is onstruted. Moreover onditions for the
Poisson struture to be non degenerate are given.
If we restrit to the embeddable homogeneous spaes, that we onsider in the present
paper, and to the omplete ase, the groupoid is desribed as G×HH
⊥
, the bred produt
with respet to the right H-ation on G×H⊥ given by (g, γ)h = (gh, h
−1
γ). In this ase
the Poisson struture is non degenerate. We an desribe our sympleti groupoid G(H\G)
as a bred produt H⊥ ×H G with respet to the left ation h(γ, g) = (
hγ, hg), via the
orrespondene (gγ) ∈ J
H
−1(e) → [gγ, g] ∈ H⊥ ×H G. It is then lear that the redution
proedure in [13℄ oinides with the right version of our proedure.
In the non omplete ase the two onstrutions are dierent. The groupoid in [13℄
is desribed as Γ = G ×H LH/H , where LH ⊂ D is the onneted subgroup integrating
l = h ⊕ h⊥ ⊂ d and LH/H is the homogeneous spae by right quotient of H ⊂ LH . The
hypothesis that the ation of l on G an be integrated implies that the dressing vetor
elds orresponding to h⊥ are omplete on G. The Poisson struture is not known to be
sympleti in general.
In order to realize that this onstrution is, in general, dierent from ours, it is enough
to look at the trivial ase, where H = {e} and H⊥ = G∗. This ase obviously satises
the relative ompleteness requirement: the sympleti groupoid desribed in Theorem 15
is obviously the unredued one G(G). The onstrution in [13℄ gives Γ = G×G∗, whih is
not a groupoid. In fat, the requirement that the ation of l = g∗ integrates is equivalent
to ompleteness.
A less trivial ase is given by the example disussed in subsetion 4.4. In that ase,
LH = H ⊲⊳ H
⊥
. We saw in fat that the innitesimal dressing ation of H⊥ is omplete
only when restrited to H , where it is trivial, and is not omplete on the whole SU(1, 1).
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5 Conluding remarks
In the omplete ase, the sympleti groupoid G(H\G) desribed in the previous setion
has the soure bre isomorphi to H⊥, so it will be the unique soure simply onneted
groupoid integrating H\G only if H⊥ is simply onneted. Moreover, sine we are in-
terested in the problem of quantization a more expliit desription will be neessary. In
partiular it is natural to ask when it is sympletomorphi to T ∗(H\G) with the anon-
ial sympleti form. This problem will be addressed elsewhere, while in this setion we
will sketh a onstrution of a dieomorphism between the sympleti groupoid and the
otangent bundle, that an be onsidered a rst step in this diretion.
In the omplete ase, the sympleti groupoid G(H\G) an be desribed as the bre
bundle H⊥×H G, assoiated with the prinipal bundle G→ H\G and the dressing ation
of H on H⊥. Sine the otangent bundle is the bundle assoiated to the oadjoint ation
on h⊥, let us suppose that there exists a dieomorphism sH : h
⊥ → H⊥ that intertwines
the oadjoint ation of H with the dressing ation, i.e. sH(Ad
∗
hξ) =
hsH(ξ), for any h ∈ H ,
ξ ∈ h⊥. We then have a bre bundle isomorphism that we desribe as follows. Let us
onsider any trivialization of the prinipal bundle G → H\G given by the loal setions
gi : Ui → G and transition funtions hij : Ui ∩ Uj → H , suh that gj(x) = hji(x)gi(x) for







⊥ = T ∗x (H\G) .
Sine sH intertwines oadjoint and dressing ation of H , Si = Sj on Ui ∩ Uj so that a
global dieomorphism S : G(H\G) → T ∗(H\G) is dened. Sine the soure map, when
transported to the otangent bundle, oinides with the bundle projetion, the sympleti
struture annot be the anonial one, unless the Poisson struture on H\G is trivial.
Let us briey see a lass of examples where to apply the above onstrution. When H
is a Poisson Lie group and H⊥ is of exponential type, i.e. H⊥ = exp h⊥, we an hoose
sH = exp. In fat, sine h
⊥
in an ideal, the oadjoint ation of H on H⊥ is a Lie algebra
morphism: Ad∗X ([ξ, η]) = [Ad
∗
Xξ, η] + [ξ, Ad
∗
Xη], for all X ∈ h, ξ, η ∈ h
⊥
. Then due to the
uniqueness of the group automorphism that integrates the oadjoint ation we onlude
that
h exp ξ = expAd∗hξ.
While we we were nishing this paper, it appeared on the net paper [21℄ that ontains
very lose results. It is shown that the Poisson ation of a omplete Poisson Lie group H
on an integrable Poisson manifold P an be lifted to a groupoid ation of G(H∗) on G(P );
this fat allows one to obtain the groupoid integrating P/H by sympleti redution. The
result oinides with Theorem 12 in our paper when we take P = G as a Poisson Lie group
and H ⊂ G a Poisson Lie subgroup. It would be nie to extend the results of [21℄ to the
19
most general oisotropi redution desribed in Theorem 10 in order to get our Theorem
12 in full generality as a partiular ase of this redution sheme.
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